Praha 22. srpna 2007

m Pi.1 Sestrojte graf funkcef:y = 2 + sinx,

)

T
- E < X =< —. Graf této funkce a osa x omezuji rovinny obrazec. Naértnéte

téleso vzniklé rotaci tohoto obrazce kolem osy x. Vypocitejte jeho objem.

popis =Table[x, {x, -in, ln‘, %ﬂ}];

- 7T 7T
F"C’t[2+5llﬂ[x] . {X, 5 E}’ AxesLabel -» {"x", "y"},

Filling » Axis, AxesOrigin - {0, 0}, Ticks » {popis, Automatic}]

¥

3.0/ —

P

/2
n*j (2 +Sin[x]) 2% dx

Ptipadné, zajima-li nas numericky vysledek, pouzijeme:

/2
n*j (2+Sin[x]1)2dx // N
-n/2

44.4132

Celé té€leso muzeme zobrazit:
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ParametricPIotSD[{x, (2 +Sin[x]) Cos[t], (2+Sin[x]) Sin[t]},
T

{x, -g, E} {t, 0, 2}, PIotPoints—>30]

rd

m PF.2 Je dana kruznice k:x? + y? + 4 x - 2y =0, bod M[0,4] vné kruznice. Sestrojte
te€ny z bodu M ke kruznici k.

kr=x?+y?+4x-2y;

Nejprve sestrojime graf dané kruznice:
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grl = ContourPlot[kr == 0, {x, -5, 4}, {y, -2, 5}, AspectRatio -» Automatic, Axes - True]

5 ]

M= {0, 4};
Hledame dotykové body tecen. 1. rovnice:dotykovy bod[x0,y0] lezi na te¢né. 2. rovnice: dotykovy bod lezi na kruznici.

rl=x*x0+y*yO0+2% (X+x0) - (y+y0) =0 /. {X->M[[11],y->M[[2]]}
r2=kr=0 /. {x-x0, y-y0}

-4+2x0+3y0=0
4 %0 + x0° - 2 y0 + y0® =
dotbody = Solve[{rl, r2}, {x0, yO}]

{{xo%% (7873\/ﬁ),y0»14—3 (7+m)}, {xo»% (78+3\/E),y0»f—3 (77\@)}}

Z tohoto vyjadieni uz snadno "odfiltrujeme" soufadnice dotykovych bodii:

T1 = {x0, yO} /. dotbody[[1]]
T2 = {x0, yO} /. dotbody[[2]]

{i (-8-3v10), 14—3 (7+v10]}

13
2 8+3+/10 47@
{5 [-8+3Vi0], —(7-V10}

bodl = Graphics[{PointSize[0.03], Point[T1]}];
bod2 = Graphics[{PointSize[0.03], Point[T2]}];
bod3 = Graphics[{PointSize[0.03], Point[{0, 4}1}]1;

Body a kruznici zobrazime:
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Show[grl, bodl, bod2, bod3]

5

_2 | | | \;
-4 -2 0 2 4

Tecny vyjadiime v parametrickém tvaru, pak zobrazime cely vysledek prikladu.
vtl=T1-M
vt2=T2-M
2 4
{— (7873\/10 ) 4 — (7“/10 )}
13 13
2 4
{_ (—8+3\/1O ) 4y (7—\/10 )}
13 13

tl=M+txvtl
t2=M+txvt2

{% (-8-3V10 ) t, 4+ [74+1473 (7+m)]t}

2 4

{7 (—8+3\/1O ) t, 4+ [74+ — (74/10 )] t}

13 13

grtl = ParametricPlot[tl, {t, -0.5, 1.5}, PlotStyle » RGBColor[1, 0, 0]];
grt2 = ParametricPlot[t2, {t, -0.5, 1.5}, PlotStyle - RGBColor[0O, 0, 11];
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Show[grl, bodl, bod2, bod3, grtl, grt2]

5k

s PF. 3 Dokonalé ¢islo nazveme takové prirozené cCislo, jez je rovno souétu vSech svych
prirozenych déliteld mensich nez je toto Cislo.

s wr

Vypiste vSechna dokonala €isla mensi nez 50000

s Pr.4 Najdéte spoleéné te¢ny dvou danych kruznic: (x — 2)2 +(y+ 4)2 =4,
x-6)2+ (y- 12 =9. Sestrojte prislusné grafy.
Kl= (x-2)2+ (y+4)?-4;

k2= (x-6)2+ (y-1)2-9;
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gkl = ContourPlot[kl == 0, {x, -7, 12}, {y, -6, 5}, AspectRatio -» Automatic, Axes -» True];
gk2 = ContourPlot[k2 == 0, {x, -7, 12}, {y, -6, 5}1;
Show[gkl, gk2]

-6 | | | 1
-5 0 5 10

Te¢ny budeme hledat ve tvaru y = kx+q. Prisec¢iky dostaneme feSenim rovnic a, b. Néasledné v soustavé rovnic vysledek
pozadujeme, aby priseéiky pro ptislusnou kruznici splyvaly. Uloha ma maximélné 4 feSeni. P¥i feSeni se neuvazuji te¢ny
rovnobé&zné s osou Y, to by bylo nutno oSetfit zvlast.

rcel=kl=0 /.y->Kkxx+(
4+ (-2+x)%+ (4+q+kx)2=0
rce2=k2=0 /. y->K*X+qQ
9+ (-6+x)2+ (-14+q+kx)Z=

a =Solve[rcel, Xx]

2-4k-kq-+/-12-16k-8q-4kq- ¢ 2-4k-kq++/-12-16k-8q-4kq- ¢

b e S e i

korenll=x /. a[[11];
korenl2 =x /. a[[2]];

b = Solve[rce2, x]

6+k-kq-+/8+12k-27k2+2q-12kq - ¢?

{{X% y
1+ k2
6+k-kq+/8+12k-27k2+2q-12kq - ¢?

{x- J

1+k?

koren21 =x /. b[[1]];
koren22 =x /. b[[2]];
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vysledek = Solve[{korenll == korenl2, koren2l == koren22}, {k, q}]

{{qe—z, k- 0}, {q—>14, ke—?},

2 2 2 2
{qeg (-15-2@), k—>E (10-@)}, {qeg (-15+2\/E), keE (10+\/ﬁ)}}

ktl=k /. vysledek[[1]][[2]];
qtl=q /. vysledek[[11]1[[1]];
kt2 =k /. vysledek[[2]][[2]]:
qt2=q /- vysledek[[2]][[1]];
kt3 =k /. vysledek[[3]]1[[2]];
qt3=q /. vysledek[[3]][[1]1;
kt4 =k /. vysledek[[4]1]1[[2]];
qt4 =q /. vysledek[[4]][[1]]1;

tl =Plot[ktl x +qtl, {x, -5, 10}, PlotStyle -» RGBColor[O, 1, 0]]:
t2 = Plot[kt2 x + qt2, {x, -5, 10}, PlotStyle » RGBColor[0O, 1, 0]];
t3 = Plot[kt3 x + qt3, {x, -5, 10}, PlotStyle » RGBColor[0, 1, 0]];
t4 = Plot[kt4 x + qt4, {x, -5, 10}, PlotStyle » RGBColor[O, 1, 0]7];
Show[gkl, gk2, t1, t2, t3, t4]

e

| \_/

L 1 L L L L
5 10

= Pi. 5 Reste danou binomickou rovniciv C :
brov=x%+1:=0;
Solve[ brov, x]
[(x=-1}, (x=i}, {x=>-DY), {x= -1}, x> -(-1)%%}, [x- (-1)>°}}

Tento vysledek nas asi mnoho neuspokojuje. Mtiizeme ho ale nechat automaticky prepsat do algebraického tvaru vyjadrenim,
ve kterém se vyskytuje pfikaz ComplexExpand, opakované nahrazeni:
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v = Solve[brov, x] /. (a_->b_) > (a-> ComplexExpand[b])

i /3 i i
{{X%—i}, {Xei},{Xe—E—T},{Xe—ﬁ- > },{Xe—gﬁ- > }, {X%E_T}}

vy

Nyni uz vidime kofeny rovnice v "témét" algebraickém tvaru.
Pokusme se dale zobrazit vSechny kofeny této rovnice v Gaussove roving :

koreny = Table[x /. V[[i]], {i, 1, Length[Vv]}]

{,--,E,EEE,EE V3

i
2 2 2 2 2 2 2 2}
listik = Table[{Re[koreny[[§]]], Im[koreny[[i]]1]}, {i, 1, Length[v]}]

{10, -13, 10, 13, {—g %} {g %} {g _%} {g %}}

grl = ListPlot[listik, AspectRatio -» Automatic, PlotStyle » PointSize[0.03]];

Show([grl,
Graphics[{Circle[{0, O}, Abs[x /- Vv[[1]1]1]1]1}, AspectRatio -» Automatic], PlotRange -» All]

Absolutni hodnota v§ech téchto kofentl je 1 - jedna se o komplexni jednotky. Vytisknémé si argumenty vSech kofend. Tiskne

se vzdy Cislo kofene, argument a absolutni hodnota kotene.

Table[{n, Arg[x /- Vv[[n]]], Abs[x /.vVv[[n]]11}, {n, 1, Length[Vv]}]

(o -Zoth o otk fo 20 1] o Sonh fs -2 fo S0 1))

s PF. 6 Jsou dany body [2,1], [1,4], [6,9]. Sestrojte kruznici, parabolu s osou
rovhobéznou s osou x a parabolu s osou rovnobéznou s osou y tak, aby vSechny kfivky

prochazely danymi body.

bA = {2, 1}; bB= {1, 4}; bC = {6, 9};
body = {bA, bB, bC};
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s Kruznice :
K= (x-m)2+ (y-nm?2-r2;
rovnice = Table[k =0 /. {X-body[[i, 1]], Y- body[[i, 211}, {i, 1, 3}]
(@-m2r@1-m?-r=0, 1-m?+ (4-m2-r?=0, (6-m?+(9-n)? r2=0]
kr = Solve[rovnice, {m, n, r}]

({r--5,m=>6,n-4}), {r-5,m-6, n-4}}

grl = ContourPlot[Evaluate[k =0 /. kr[[2]]1],
{x, -2, 12}, {y, -2, 12}, ContourStyle » Hue[0.6]]

—_
S}

-2 0 2 4 6 8 10 12

gr2 = ListPlot[body, PlotStyle -> PointSize[0.02]];

Show[grl, gr2]

12\ T T T T T T

L | | | | | L
-2 0 2 4 6 8 10

—_
S}
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Parabola s osou rovnobéznou s osou x :

par=y==a*x?>+bxx+cC;

rovnicepar = Table[par /. {Xx-body[[i, 1]1], Y-»>body[[i, 211}, {i, 1, 3}]
{1=4a+2b+c,4==a+b+c,9==36a+6b+c}

vysl = Solve[rovnicepar, {a, b, c}]

{{a-1,b->-6,Cc-9}}

par /. vysl[[1]]

y=9-6X+x2

gr3 = ContourPlot[Evaluate[par /. vysl[[1]]1],
{x, 0, 7}, {y, -1, 10}, ContourStyle » Hue[0.1]]

10

0 1 2 3 4 5 6 7
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Show([grl, gr2, gr3]

12

_2\\\\\\\\\\\\\\\\\\\\\
-2 0 2 4 6 8 10

IS

s Parabola s osou rovnhobéznou s osou y :
par2=x=dxy’+exy+F
x=F+ey+dy?
rovnicepar2 = Table[par2 /. {X-body[[i, 1]], Y- body[[i, 2]]1}, {i, 1, 3}]
(2=d+e+f,1=-16d+4e+F, 6=81d+9e+F)

vysl2 = Solve[rovnicepar2, {d, e, f}]

(o greogrro3)



Setkani matematikd...22.8.2007

gr4 = ContourPlot[Evaluate[par2 /. vyslI2[[1]]1],
{x, -1, 8}, {y, -2, 10}, ContourStyle » Hue[0.8]]

10F T T T T |

m VSechny grafy :

Show[grl, gr2, gr3, gr4]

12

_2\\\\\\\\\\\\\\\\\\\\\\
-2 0 2 4 6 8 10 12

m Pf. 7 Narozeninovy paradox (Richard von Mises 1939): urcete pravdépodobnost, ze ve
skupiné 30 lidi je alespon jedna dvojice narozena ve stejny den v roce. Prestupny rok
neuvazujeme.

Ulohu miizeme fesit klasickou matematikou, jak si ukaZzeme pozdgji, nejprve ji ale zkusime fesit simulaci, coz nam Mathemat-
ica umoziuje. PouZzijeme generator (pseudo)nahodnych cisel:
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RandomInteger[{1, 365}]
212

Vygenerujeme timto generatorem 30 ndhodnych dat narozeni jako ¢isel z rozsahu 1..365.
skupina := Randomlnteger[ {1, 365}, 30]
skupina

{5, 134, 234, 280, 340, 18, 50, 309, 350, 112, 245, 204, 118, 94,
24, 175, 210, 24, 288, 273, 22, 100, 112, 190, 18, 67, 115, 261, 19, 160}

Ziskana data mizeme pro lepsi prohlizeni setfidit.

Sort[skupina]

{2, 18, 26, 33, 52, 65, 72, 77, 78, 90, 98, 120, 152, 156, 156,
172, 172, 209, 220, 234, 238, 257, 258, 265, 272, 292, 298, 327, 348, 364}

Pokus opakujeme 10000x, neni problém i vickrat. Vznikne list data.
data = Table[skupina, {10000}1];

Definujeme funkci s vyuzitim funkci Mathematicy. Union[sk] vynechéa opakované hodnoty, ty nas zajimaji.
stejnyden[sk_] := Length[Union[sk]] < 30

A ted’ uz jen spocteme pravdépodobnost jako relativni ¢etnost. Funkce Map aplikuje definovanou fci stejnyden na data,
Count spocte, kolikrat se vratila pravda - alesponi jedna dvojice narozena ve stejny den v roce. Vysledek zobrazime
numericky.

pst = Count[Map[stejnyden, data], True] /10000 // N
0.7094

A trochu matematiky:

Pfesné - matematické feSeni:

jinak = 1 -Binomial [365, 30] *30! / Power[365, 30] // N

0.706316

Spocteme jesté pravdépodobnosti pro pocet Clentl skupiny od 1 do 40, vysledky zobrazime do grafu:
Jinaknp[p_] :=1-Binomial [365, p] *p! / Power[365, p]
tabulka = Table[{n, Jinaknp[n]}, {n, 1, 40}]1 // N

({1., 0.}, {2., 0.00273973}, {3., 0.00820417}, {4., 0.0163559}, (5., 0.0271356},
(6., 0.0404625), (7., 0.0562357}, (8., 0.0743353}, (9., 0.0946238), {10., 0.116948},
(11., 0.141141}, {12., 0.167025}, {13., 0.19441}, {14., 0.223103}, (15., 0.252901},
(16., 0.283604)}, {17., 0.315008}, {18., 0.346911}, {19., 0.379119}, {20., 0.411438},
(21., 0.443688}, {22., 0.475695}, {23., 0.507297}, {24., 0.538344)}, {25., 0.5687},
(26., 0.598241}, {27., 0.626859}, (28., 0.654461}, {29., 0.680969}, {30., 0.706316},
(31., 0.730455)}, {32., 0.753348}, (33., 0.774972}, {34., 0.795317}, {35., 0.814383},

0.
0.
0.
0.
0.
(36., 0.832182)}, {37., 0.848734}, (38., 0.864068), {39., 0.87822}, (40., 0.891232}}
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ListPlot[tabulka]
N
0.6} .-°...
0'4}
0.2:— ..‘..
“,."'..‘ e
10 20 30 40

= PF. 8 Na dané elipse najdéte bod nejblizSi dané pfimce.

elipsa := 8 x% + 25 y? == 1800;
primka :=XxX+5y = 71;

grl = ContourPlot[Evaluate[elipsa], {x, -20, 20}, {y, -20, 20}, Axes -» True] ;
gr2 = ContourPlot[Evaluate[primka], {x, -20, 20}, {y, -20, 20}1;

Show[grl, gr2]

20 [T T

/

20, | | Il

-20 -10 0 10 20

techa=X+5Yy =C;

rovnice = Solve[{elipsa, tecna}, {X, y}]

{{XAg [0—2\/?\/2025—02 ),ye% [4c+\/?\/2025—02 ]}
{X%%Jrg\/?\/ZOZS—CZ ,y%% (407\/?\/2025702 ]}}

X0 =x /. rovnice[[1, 11];
X1 =x/.rovnice[[2, 1]];
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rproc = Solve [x0 == X1, c]

{{c > -45}, {c>45}}

XT =x0 /. rproc[[2]]

5

Solve[tecna /. {Cc» 45, x> 5}, y]

{{y~>8}}

tecna=x+5y =45

X+5y =45

gr3 = ContourPlot[Evaluate[tecna], {x, -20, 20}, {y, -20, 20}1;
boddotyku = Graphics[ {PointSize[0.02], Point[{5, 8}1}1;

Show[grl, gr2, gr3, boddotyku]

— |
m\\

-20, | | Il

-20 -10 0 10 20

rov = Solve[elipsa, y]

([y- ovzzzs = | [y - vz 225 ¢ )

bod = {X, y /- rov[[2]]}

{x, gﬁxlzzsfﬁ}
x+5*§«/?«/225-x2 -71

delka[x_] :=
v 26
delka " [X]
1- 22 x
] 225-x2

26
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Solve[delka® [X] == 0, X]

{{x->5}}



